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AN ERDOS—KO—-RADO THEOREM FOR
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KONRAD ENGEL

Received 28 March 1983

Let P be that partially ordered set whose elements are vectors x=(xy, ..., x,) with x,€{0, ..., k)
(i=1, ..., 1) and in which the order is glven by x=y iffl x;=y; or x;=0 for all i. Let N(P)
f{xéi’ J{j x;70}=i}. A subset F of P is called an Erdés— Ko—Rado family, if for all x, y€ F it
holds x4y, x}y and there exists a z€ N,(P) such that z=x and z=y. Let.% be the set of all
vectors f=(fy, ..., f.) for which there is an Erdés—Ko—Rado family F in P such that |N, (P} F|
=f (i=0,..., n) and let () be its convex closure in the (n+ 1)-dimensional Euclidean space. It

is proved that for k=2 (0,...,0) and ( , 0, [" ]k' Lo, . ()J (¢=1, ..., n) are the vertices

i~ componem

of (F).

1. Introduction
Let P be that partially ordered set which is the product of # factors

1 2 k

0
Fig. 1

i.e. the elements of P are vectors x=(x,. ..., x,) with x;€ {0, ..., k} and the order is
given by x=y iff x;=); or x;=0 for all je{l,...,n}. If k=2, these posets
appear, for instance, if one defines the cube to be the set of all vectors u=(u,, ..., u,)
with u€{l, ..., k}, a subcube to be a subset of the cube, where certain components
of its elements are fixed and the other are free, and the order between the subcubes
to be dual to that order which is given by set-inclusion (see [1], [7]. or [8]). For
X=(x1, ..., X, )EP let Z(x)={i: x;=0} be the zero set of x, r(x)=n—|Z(x)| be
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the rank of x and N;(P)={x€P: r(x)=i} be the i-th level of P. In honour of the
authors of [2] a subset F of P is called an Erds—Ko—Rado family (E. K. R.
family) iff for all x, y€ F it holds

(1 X<€y. X}V,
2) z=x and z =y for some zcN,(P)
Obviously, (2) is satisfied iff for any x. y€ £ there is an index i€{l, ..., n} such that

xi=ye{l . k). A vector f=(f,,....f,) is called an E. K. R. vector ifl there is
an E. K. R. family Fin P for which "|N;(P) N F|=/; holds for ali i. Let & be the set
of all E. K. R. vectors and (&) be the convex closure of # in the (n+ 1)-dimensional
Euclidean space. From linear programming we know: If one wants to maximize

n
(or minimize) the linear function >’ ¢;f; over all vectors f€#, one must only
i=0
maximize (or minimize) this function over all vertices of the polyhedron (#). There-
fore it is interesting to know all vertices of (#). In the case k=1, Peter L. Erd{s, P.
Frankl. and G. O. H. Katona [3] determined these vertices.

Theorem 1. [f k=1, the vertices of {(F) are

—— e,
J-component

n—1 1— 1 , 7
Fﬂmu[illuuqqf, yo“woy l=i==. i+j>n [
i-component J-<component
Our main result is the following
Theorem 2. If k=1, the vertices of {F) are
v =(0,..,0)
; n—1}, .,
vi=10,..,0, i1 K=10,...,0], 1=i=n
—_
i-component

Theorem 2 shows that the polyhedron (%) has a much more simpler form for =1
than for k=1. Finally we note that E. K. R. families in other structures were consi-
dered by several authors (see, for instance, [4]. [5], [6] and [9]).
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2. Proof of Theorem 2

The vectors v, ..., v" are elements of &, i.e. E. K. R. vectors, since §# and the
sets {XeN(P): x;=1}, ic{l, ..., n}, are E. K. R. families. From inequality (3)
. . . . _(n—=1),.
which we state and prove below we may derive that for all f€ % it holds f;= [i* l]k’*l,
i€{l, ..., n}. Thus the vectors v ..., v" are not a convex combination of other
E. K. R. vectors, hence they are vertices of (# ). Now we only must prove that each
element of % (hence, each clement of {%)) is a convex combination of v*, ... v".

Since f,=0 for all f¢ F because of (2), this is valid, if

n /‘
Ji

i:Z; n—1 kit
i—1

3) =1 for all feF,

since then

is a convex combination of the vertices v°, ..., v". Thus, the proof of Theorem 2 redu-
ces 10 the proof of the so-called LY M-inequality (3). We prove (3) by the method of
twice counting (or better, twice summing). At first we must define what we are count-
ing.

A subset C of P iscalled a chain iff for any x,y€¢C x=y or x=y holds.
A maximal chain in P is a chain which consists of n+1 elements (i.e. it contains
exactly one element of each level). Let € be the set of all maximal chains in P. We will
define an equivalence relation on €. For that let €* be the set of all pairs (x, a), where
nis & permutation of {I, ..., n} and ais an element of N,(P). Let :: €—~€* be that
mapping, where, for C=(c"-=...<¢", it holds {C)=(r,a) iff {a()}=Z("™1,
(1) a(}=Z(c""?), ..., {zn(D), ... n(M)}=2Z(c), and a=c".

Example L. n=4. k=2, C=((0.0,0,0)=<(0,1,0,0)=<(0.1,0.2)<(0,1. 1, 2} <

—enn) 0=((1333) @)

Obviously, 71s bijective.

12.. . o e
Let =53 7] Now define the mapping ¢: € —~€* by ¢{(n. a))=(c. b), where

o=nc{ (ie. o()=n({()) for all i) and
[ +1, i j=m(l).
la.,-, otherwise.

Here and in all what follows the addition by the components of vectors is modulo 4.
and the congruence classes modulo k are 1. 2, ..., k.

12 2
Example 2. n=4, k=2, ¢ [(I 35;3] 2.1, 1, 2)):((;43?], (1, 100 2)].
Obviously. the inverse of ¢ is given by ¢~ Y((n, a))=(g.¢). where p=nc{™!
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(k=1 apd

=70{
{’aj—l, if j = n(n),
C: =

7 a, otherwise.

J’
At last, it is easy to see that ¢*" is the identical mapping which we denote by ¢'. Now
we may define an equivalence relation on € by C~C’ iff 17 lop'oi(C)=C" for
some /. Let [C] be the equivalence class containing C. To each equivalence class [C]
we associate the set {C} of elements of P which are contained in some chain being
contained in [C]. Let [€] be the set of all equivalence classes [C]. Now let F be an
E. K. R. family in P and f be its E. K. R. vector, i.e. fi=|N;(P)(F| for alli We
sum 1/r(x) over all pairs (x,[C]), where x¢ FI{C}. (F contains only elements of
rank greater than O because of (2)). In Lemma | we will prove that for each element
x of P there exist exactly r(x)!(n—r(x))! k"™ equivalence classes [C] of chains
such that x€{C}. Thus we obtain for our sum by fixing at first the first coordinate

of the pairs the value
/%f in—iytkn=*
3 [

i=

—

In Lemma 2 we will show that each set {C} contains at most / elements of F. if it
contains one element of F with rank /. Thus we may estimate our sum by fixing at
first the second coordinate of the pairs in the following way.

‘ 1 5 > 1
(SEGE ccmF'(X) it Frr min{r(x): x€{C}F}
. min{r(x): xe{C}NF} L !
B [Cic €] min {I'(X)Z \(E{C} ﬁF} - clere) - kn ~

(There are exactly &"n! maximal chains in P, and each equivalence class contains
exactly kn chains.) Summarizing these resuits we obtain

f,z'(n—z)'k" " k'n!
Z = kn
and, equivalently,
N .
L = 1,

s (n—1 =1 N
(i=1)%

and we are done after proving Lemmas 1 and 2.

Lemma 1. For each element x of P there are exactly r(x)! (n—r(X))! k"= equi-
valence classes [C] of chains such that x€ {C}.

Proof. Obviously, each element x of P is contained in exactly r(x)! (n—r(x))! A7—r
maximal chains of P. Thus, it is suffictent to prove that any equivalent chains C and
C’ containing an arbitrary x€P are equal. Let

4) 17lopiol(C) = C
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Further let 1(C)=(n, a) and (C')=(o,b). By definition of 1 we have
(5 n({l, e n-—r(x)}) =qo({1,.... n—r(x)}) = Z(x),
6) a;=b; for all j¢Z(x).

Because of (4) and the definition of ¢ itis s=no{’. Thus it must be i=0 (mod n)
because of (5) and, furthermore, i=0 (mod kn) because of (6). (If r(x)=n, one can
derive =0 (mod kn) directly from (6)). But then C=C".

Lemma 2. Let F be an E. K. R. family in P and [C] an equivalence class of chains.
Let I=min {r(x): x¢ FN{C}}. Then {C} contains at most | elements of F.

Proof. Assume that [{C}Fl=/ Let x*¢{C}MNF and r(x®=/. Further, let
x€ C[C] dnd I(C“) (r,a). We define Ci=1"log'o1(C", i<{0, ..., kn—1}.
Obviously, [C]1={C? ..., C**} and {C}=C"J.. . UCH=1 Let

A =ccrycierty Uit Gelo, L k=1,

B = CtUCHTU L UCHE 0 hefo, - 1)

It holds that x€ A/NB" iff x€ C/"*+h since C'NC =0 if 0=i=i'=kn—1 (see the
proof of Lemma I). By (1) and (2) we have

(7) B"NF| =1 for all he{0, ..., n—1}.
In the following we will use the

Statement. I/ x€C'NF, yeBYNF (b, el0,...n—1}) and O<h'—h=n—r(x),
then yeCV% and r(Y)=r(X)+h —h—1.

Proof of the Statement. To prove that y€ C" we must show that y€ 4%, Assume that
YEAY, ie. yeCHM¥Y where je{l, ..., k—1}. We will prove that there is no index i

such that x;=y;¢{l, ..., k} what is a contradiction to (2). By definition of 1 and ¢
we have’ fOr l=i= /l n()_o or \n:(:)* x(z)+l and 11!(1)_0 or Yey= avr(i)+j+l'
Further, if A<i=h', it 1s x,;,=0 since A —h=n—r(x) (note that x,=0 iff

menal*({1, ...,n—r(x)}). At last, if ' <iz=n, we have x,;=0 or x,;=0a,; and
Yuiy=0 or yy=da,m+Jj. Consequently, y¢ A°. Now assume that

(8) ry) =z r(x)+h"—h.

We will show that y=x what 1s a contradiction with (1). Because of the previous
observations it is sufficient to prove that Z(y)S Z(x). Itis

Xp=0 Mf ménol"({1, ..., n—r(x)})
and
v, =0 i mc¢ noC"'({l, ey n-r(y)}).

We have |+h<I1+h" (supposition of the statement) and n—r(X)+hz=n—r(y)+/’
because of (8). Thus, Z(y) < Z(x), and the proof of the statement is complete. - ]

2%
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We go on with the proof of Lemma 2. We may suppose /<n since it follows
from (7) that |{C}MFi=n. Let /y,=0. We have xheChF. If B"MNF=p for
h=1.....n—1[, then because of (7) [{C}F|=/ holds, a contradiction. Thus there
are /7, and x" such that y</1,=n—{ and x,€ B[\ F. (We take the minimal possible
value /i, i.e. B"MF=0 for hy=</l-<f.) From the Statement we derive that x1€ Ch
and r(x\)=/+h,—1. Suppose we have already found /1, ....5; and x° ....Xf
(0=/=/—1) such that

)] hy <h, —=...<=h =n—1+i-1,

(10) XCCh, jefo, ... i}

(1 BOF=0 for h=h=h. je{o,...i—1},
(12) r(xiy =1+ h;—j. jelo, ..., i}.

If B"" F=0 for h=h+1....,n—I+i, then |{C}NF|=! because of (7). (10), and
(11 {note that [(B*U...UB") F|=i+1). This contradicts our assumption. Thus,
there are h;,, and x**' such that

(13) By =l = n—1+i, xX*YBGNF
and
(14) B'F=0 for hy<h<h,.

Because of (12) and (13) we have
h<hy = n—1+i=n—(EY—h+i)+i=n—rx)+h.

From the Statement (put x=x", y=x"*', i=f,. and '=h;;,) and (12) we derive
that

(13) Xl
and
16y rx*Y = r(xXY 4+l =1 s b —iv o —hi— U= 4l — G+ 1)

(13)—(16) imply that (9)—(12) hold for 741 instead of /, and thus by induction.
(9)—(12) hold for all i€ {0, ..../}. We conclude that there are /1, and x' such that

(7 l=h =n=1 (by 9).
(1%) x'eCh (by (10)).
and

(19) r(x'y = by (by (12)).

We will show that xY and x' do not satisfy (2). Then all is done. For 1=i=in—/ we
have x4, =0. If n—/<i=/, it holds Xy, =a,u but xi . =a.;+1 bydefinition of
1 and ¢ and becausc of (18). For i, <i=n we have x;,=0 since Z{xHY=rnolh

(1, on—r(xH%) and n—r(xY+hz=n—h+h=n (because of (19)). N
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3. A generalization

We can apply Theorems 1 and 2 also to the poset @ which is & product of n
factors

1.e. Q consists of vectors x=(x,, ..., x,) with ;& {_ v 25 L kY forall il and
the ordering 1s given by x=y ifl x=1; or x; €{ 2 and mE{LL . /\, fm
all /. Analogously to the introduction we define Z(\) {1 X E{v - }‘
=n— and N{(Q)={x£Q: r(x)=i}. An E. K. R.family Gin Qs dchned as in
(1) and (2) and an E. K. R. vector g=(gy. .... g,) is a vector for which there exists
an E. K. R. family G in @ with \/\/,(Q)ﬂG\_g,A Let % be the set of all E. K. R, vece-
tors in Q. From the following Theorem 3 it follows that the convex closure of % and
{# 5 have the same vertices.

Theorem 3. % =9,

Proof. Let fc.# and let F be an E. K. R. family with IN,(P)" F,=/; for all i.

Consider the function : P—~Q for which $(x)=y iff

{.\‘i i vefl, ., k),

YET L, i oy =0
Obviously, G=¢ (F) is an E. K. R. family in @, and (N{Q)NG|=f;. Thus, f¢%.
Conversely, let gc% and let G be an E. K. R. family with IN,(Q)"Gi=g;
for all i. Consider the function 7: Q—P for which t(x)=y iff

fxi if _\',-E{l, s kY
£ 2

|
p—
<
e
:"\

T restricted to G is injective, for supposu T(x) = r(w):y for some x, w&G. Then
xp=wy=ay 0f el L kYand x w2y 10 =0 (edd, Loon)). Buto if
Xp,owiE o, 2 and x = wy, then condmon (7) is violated. Hence. x;=w; for
all i i.e. x=w. Further it is casy to see that F=1(G) 1san E. K. R. family in P and
NAPYVF|=g,; for all i. Consequently, g€%. |}
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