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AN ERDI3S--KO--RADO THEOREM FOR 
THE SUBCUBES OF A CUBE 

K O N R A D  E N G E L  

Received 28 March 1983 

Let P be that partially ordered set whose elements are vectors x -  (xl . . . . .  x,) with x~ E {0 ..... k} 
(i=1 . . . . .  n) and in which the order is given by x_~y iff x~=y~ or x~=0 for all i. Let NAP) 
-{x~:P:]{j:  x3~0}1=i}. A subset F of P is called an Erd6s- -Ko--Rado family, if for all x. y ( F  it 
holds x #g y, x 2k y, and there exists a z g. N~(P) such that z ~ x and z~  y. Let o~ be the set of all 
vectors f (.[~, ...,f,,) for which there is an Erd6s- -Ko--Rado family F in P such that !N~(P)(I FI 
-:]; ( i=0, ..., n) and let (;~> be its convex closure in the (n~-I)-dimensional Euclidean space. It 

( (;-II / is proved that for k >-'~ (0, O) and O, O, k ~-~, O. 0 (i= 1, n) are the vertices 

)-componen£ 
of <.T>. 

I .  Introduct ion 

Let P be tha t  pa r t i a l ly  o rde red  set wh ich  is the  p r o d u c t  o f  n f ac to r s  

1 2 k 

0 

F~,.1 

i.e. the  e l e m e n t s  o f  P are  vec tors  x = ( x l  . . . . . .  %) with  xi~ {0 . . . . .  k} and  t i le o r d e r  is 
g iven by x-~-y iff  x i=y i  or  xi=O for  all i~{1 . . . . .  n}. I f  k ~ 2 ,  these  posets  
ap p ea r ,  for  ins tance ,  i f  o n e  def ines  the  c u b e  to be the  set o f  all vec tors  u=(u t  . . . . .  u,) 
with uiE {I . . . . .  k}, a s u b c u b e  to  be a subse t  o f  the  cube ,  where  cer ta in  c o m p o n e n t s  
o f  its e l emen t s  are  fixed and the  o the r  a re  free,  and the  o rde r  be tween  the  subcubes  
to be dua l  to tha t  o r d e r  which  is given by se t - inc lus ion  (see [1], [7], or  [8]). F o r  
x = ( x a  . . . . .  x,,)CP let  Z ( x ) = { i : x i = O }  be the  z e r o  set o f  x, r ( x ) = n - l Z ( x ) r  be 

AMS subject classification (1980): 05 A 99, 06 A I0 



134 K. ENGEL 

the rank o f x a n d  N~(P)={xCP: r ( x ) = i }  be the i-th level o f  P. in honour  o f  the 
authors o f  [2] a subset F o f  P is called an E r d 6 s - - K o - - R a d o  family (E. K. R. 
family) iff for all x, yE F it holds 

(1) x ~ : y ,  x ~ - y ,  

(2) z ~ x  and z ~  y for some zENI(P) .  

Obviously, (2) is satisfied iff for any x. yE F there is an index iE {1 . . . . .  n} such that 
x i=y i  ~ , {1 . . . . .  k}. A vector f = ( f ~  . . . . . .  f,,) is called an E. K. R. vector itr there is 
an E. K. R. family F i n  P for which IN~(P) Q F I = f  holds for all i. Let ~'~ be the set 
o f  all E. K. R. vectors and (.~-) be the convex closure o f  0~- in the ( n +  l)-dimensional 
Euclidean space. F rom linear programming we know:  I f  one wants to maximize 

n 

(or minimize) the linear function z~ c/./~ over all vectors f~,~-, one must only 
i = 0  

maximize (or minimize) this function over all vertices o f  the polyhedron (.N). There- 
fore it is interesting to know all vertices of  </Y). in the case k = 1, Peter L. ErdGs, P. 
Frankl. and G. O. H. Katona  [3] determined these vertices. 

Theorem 1. I f  k=  I, the vertk'es o f / / 7 )  are 

(0, ..., 0), 

0. 0, 0. 0 , 1 -_~ i ~:5 ~- ,  

/ - c o m p o n e n t  

0 . . . . .  0,  j , . . .  , ~ < . i ~ m  

,^ 
j-component 

( o, ,o,/'; 1-,') '1 / _" . . . .  , 0  . . . .  , 0 , \  ,0  . . . . .  0 , 1 : ~ i z w ,  

/ - c o m p o n e n t  j - c o m p o n e n t  

i + j  > . ,  1 

Our  main result is the following 

Theorem 2. / f  k >  1, the vertices o f  ~i'~) are 

v ° = (0 . . . . .  0), 

( n - l l  i-1 / 
v i =  0 , . . . , 0 , [ i _ l J k  , 0  . . . . .  0 , 1 ~ i ~ n .  

/ - c o m p o n e n t  

Theorem 2 shows that the polyhedron (,N) has a much more simpler fm'm for k > 1 
than for k = 1. Finally we note that E. K. R. families in other  structures were consi- 
dered by several authors (see, for instance, [41 , [5], [61 and [9]). 



E R D ( ) S - - K O - - R A D O  F O R  S U B C U B E S  O F  A C U B E  L35 

2. Proof of Theorem 2 

The  vectors v °, ..., v" are elements o f  -~, i . e . E . K . R ,  vectors, since 0 and the 
• S e t s  {xENi(P): x l = l } ,  iE{1 . . . . .  n}, are E. K. R. families. From inequality (3) ._fn-l) which we state and prove below we may derive that for all f c<~- it holdsJl  = t i  - 1 ki-a' 
iC {1, ..., n}. Thus the vectors v ° . . . . .  v" are not  a convex combinat ion o f  other 
E. K. R. vectors, hence they are vertices o f  ( ~ ) .  Now we only nmst prove that each 
element o f  --Y (hence, each element o f / , N ) )  is a convex combinat ion o f  v" . . . . .  v". 
Since ,/i,=0 for all f q ~  because of(2) ,  this is wllid, if 

(3) 2 fi :_ l for all 

since then 

f =  

[,,- ilk,_, 
t,-1) 

f~.Y, 

i - .Ii j,.. + ¢ 
i=l ( H - - J ~ h i _  1 i:l-~l [#7--1"~ i 

t ; - l )  [ /- l)*-'  
is a convex combinat ion o f  the vertices v ° . . . .  , v". Thus, the p roof  o f  Theorem 2 redu- 
ces to the p roof  o f  the so-called LYM-inequal i ty  (3). We prove (3) by the method o f  
twice count ing (or better, twice sumnling). At  first we must define what we are count-  
ing. 

A subset C o f  P is calleci a chain ill" for any x, yg.C x<_--y ol- x ~ y  holds. 
A maximal chain in P is a chain which consists o f  n + l  elements (i.e. it contains 
exactly one element o f  each level). Let (5. be the set o f  all maximal chains in P. We will 
define an equivalence relation on (g. For  that let if* be the set of  all pairs (r~, a), where 
z~ is a permutat ion of  {I . . . . .  n} and a is an element o f  N,,(P). Let ¢: i f - E *  be that 

< ll nmpping,  where, lot" C=(e°<. . .  c ) ,  it holds l(C)=(zc,  a) iff {g(1)}=Z(c"-~) ,  
{ T r ( l ) . n ( 2 ) } = Z ( c " - : )  . . . .  , {zr( I ) ,  . . . . r ~ ( n ) } = Z ( e ° ) ,  and a = c " .  

Example I . n = 4 ,  h -~-., C ((0. 0, 0, 0) < (0, l , 0 , 0 ) < ( 0 , 1 , 0 , ? ) < ( 0 , _  I. 1 , 2 ) <  

Obviously,  I is bijective. 

Let £ =  3 "" . Now define the mapping ~p: (S*~ ;*  by m(0c, a ) )=(~ ,  bL where 

a=rc,:~" (i.e. a(i)=zr(~(i)) for all i) and 

la  a .÷ l ,  if .]= zr(l). 

bs = [aj, otherwise. 

Here and in all what follows the addition by the components  o f  vectors is modulo h. 
and ~he conm-uence classes modulo k are I o k. 

{(I //('234) q 
Example 2. n = 4 ,  k = 2 ,  (p 3 4  , (2, I, 1,2) = 3 4 2 1  . . . .  

Obviously, the inverse o f  ~p is given by ~p-~((~,a))=(~,c) ,  where ~2--~¢,~ -~ 
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= ~ o (  k ' - I  and 
/ a j - I ,  if . j =  ~(n), 

Cj = I laj,  otherwise. 

At last, it is easy to see that ~pk,, is the identical mapping which we denote by ~pt'. Now 
we may define an equivalence relation on ~ by C ~ C '  iff t - l o ~ f o t ( C ) = C "  for 
some i. Let [C] be the equivalence class containing C. To each equiwdence class [C] 
we associate the set {C} of elements of  P which are contained in some chain being 
contained in [C]. Let [(~] be the set of  all equivalence classes [C]. Now let F be an 
E. K. R. family in P and f be its E. K. R. vector, i.e. f~= !Ni(P) f~ F] for all i. We 
sum l/r(x) over all pairs (x, [C]), where x~ F(~ {C}. (F  contains only elements of  
rank greater than 0 because of  (2)). In Lemma I we will prove that for each element 
x of  P there exist exactly r ( x ) ! ( n - r ( x ) ) !  k .... ~) equivalence classes [C] of  chains 
such that x6 {C}. Thus we obtain for our sum by fixing at first the first coordinate 
of  the pairs the value 

,~.[it . ( n -  i ) !k  ''-i 

"' i i = 1  

In Lemma 2 we will show that each set {C} contains at most I elements of  F. if it 
contains one element of  F with rank I. Thus we may estimate our sum by fixing at 
first the second coordinate of  the pairs in the following way. 

1 1 
Z Z Z Z r(,,) rain {r(x): {C} n e}. [c] ~ [¢] x ,; {c} ~ v [C] ( [~;1 x,~ (C} n I" X 

rain x {C} n F} 
<- Z min{r(x):  x~{C}S'lg} = Z 1 = . 

(There are exactly k"n! maximal chains in P, and each equivalence class contains 
exactly kn chahls.) Summarizing these results we obtain 

and, equivalently, 

2 . / i i [ ( n - i ) ! k " - i  k"n! 
i=1  i - k n  

-_--I, 

and we are done after provhlg Lemmas 1 and 2. 

Lemma 1. For each eh, ment x o f  P there are exactly r(x)! ( n - r ( x ) ) !  k .... (~ eqtd- 
valence classes [C] of  chains such lhat xC {C}. 

Proof. Obviously, each element x of  P is contained in exactly r (x)! ( n - r  (x))! k .... (~ 
maximal chains of  P. Thus, it is sufficient to prove that any equivalent chains C and 
C' containing an arbitrary xEP are equal. Let 

(4) I - ~ o ~ / o I ( C )  = C'. 
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Further let t (C)=0r ,  a) and t(C')=(~r, b). By definition o f t  we have 

. . . ,  : . . . . .  n - , - ( x ) } )  : Z x), 

(6) aj = bj for all / ~ Z ( x ) .  

Because of (4) and the definition of  ~p it is a=Tto~ i. Thus it must be i = 0  (rood n) 
because of (5) and, furthermore, i = 0  (mod kn) because of (6). (If r (x )=n ,  one can 
derive i~-0 (rood kn) directly from (6)). But then C=C'.  I 

Lemma 2. Let F be an E. K. R. family in P and [C] an equivalence class of  chains. 
Let/=rain {r(x) : xE FA {C}}. Then {C} contains at most l elements ofF. 

Proof. Assume that I{C}NFI>I. Let x"6{C}F/F and r(x°)=l. Further, let 
x°EC°E[C] and t(C°)=(rr, a). We define Ci=t-loq/o1(C°), i6{O . . . . .  k n - l } .  
Obviously, [C]={C ° , . . . , C  k'-~} and {C}=C°IJ.. .LICk"-L Let 

A -i = Ci"UCJ"+aU ... UC i'+''-~, ./~_ {0, ..., k -  I}, 

B h = ChUCh+"U. . .  UC ~'-t~k-J)', h~,{O . . . . .  n -  I}. 

It holds that xEAJ(]B h iff x6C J''+n since C~r]Ci'=O if O<_i<i'~:kn-I (see the 
proof  of  Lemma I). By (I) and (2) we have 

(7) IBh~F] -"----- 1 for all h~{0, ..., n -  1}. 

In the following we will use the 

Statement. / f  xECh~F ,  y-(B"'f~F (h, h'E {0 . . . . .  n - 1 } )  and O < h ' - h : ~ n - r ( x ) ,  
then yC_C h' and r ( y ) ~ r ( x ) + h ' - h - 1 ,  

Proof of the Statement. To prove that yE C ~'" we nmst show that yC A °. Assume that 
yEA j, i.e. yEC j'+h', where .]E{I, ..., k - I } .  We will prove that there is no index i 
such that xi=yi~ {1 . . . . .  k} what is a contradiction to (2). By definition of  t and Cp 
we have, for l<:i~h, x~(q=0 or .v~,.)=a~¢n+l and y~,~=0 or ) '~,)=a~,)+j+l.  
Further, if h<i~h ' ,  it is x,¢~)=0 since h ' - h ~ n - r ( x )  (note that x,,,=0 iff 
mETro(h({l . . . . .  n--r(x)}). At last, if  h'<iz~n, we have x,(n=O or x~,~=a=l n and 
.v=o~= 0 or j,=,)= a=(n +j. Consequently, yE A °. Now assume that 

(8) r(y) ~ r(x) + h ' -  h. 

We will show that y > x  what is a contradiction with (I). Because of the previous 
observations it is sufficient to prove that Z(y) ~ Z(x). It is 

and 
x , ,  = 0 m . . ,  

y,,, = 0 il " . . . . .  n - , ' ( y ) } ) .  

We have I + h < l + h '  (supposition of the statement) and n - r ( x ) + h ~ n - r ( y ) + h "  
because of(8). Thus, Z(y)c:Z(x) ,  and the proof  of the statement is complete. I 

2* 
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We go on with the proof  of  Lemma 2. We may suppose l<n  since it follows 
from ( 7 ) t h a t  I{C}(-',FI~:n. Let h0=0.  We have xhoCCho(-~F. If BhF-IF=O for 
h =  I . . . . .  n - l .  then because o f  (7) I{C}O F I =<l holds, a contradiction. Thus there 
are ht and x a such that ho <lh - n  - t  and x~E B~'* (-/F. (We take the minimal possible 
value hi, i.e. Bh(-l F = 0  for h o < h < l h  .) From the Statement we derive that  xaE C n, 
and r ( x a ) - _ l + h ~ - l .  Suppose we have ah'eady found ]k, . . . . .  hi and x ° . . . . .  x i 
( 0 - - - i ~ / - I )  such that  

(9) h, < / h  . . . . .  < h i ~ n - l + i - l .  

(10) xJ q C"~, ./q {0 . . . .  , i}, 

(1 I) B h ]1 F = ~1 for h.i < h < h.i ~.j, jg, {0, ..., i -  1}, 

0 2 )  r (x  - i ) - - / + h i -  J, j~{0  . . . . .  i}. 

If  f f ' 5 " F = 0  for h = h ~ + l  . . . . .  n - l + ~ ,  then J{C}IqF]<---I because o f (7 ) , (10 ) ,  and 
(I I) (note that I (BqS . . .  U B"*) I"l F I = i +  1). This contradicts  our  assumption. Thus,  
there a r e / ' ? i + t  al'ld x i + I  such that 

(13) 11 i < h i +  1 ~ I t - ]  Ivi,  x i + l ~ B I q ~ ' 2 ! F  

and 

(14) BhFIF = 0 for h i < h < h i i .  I . 

Because of  (12)and (13) we have 

h i <hi+ ~ < ~ n - l + i - ~ - n - ( r ( x  i) h i + i ) + i =  n - r ( x i ) + h ~ .  

From the Statement (put x = x  i, y = x  i+l, h=h~. and / /=h~+l )  and (12) we derive 
that 
(15) x i  + l~2Chi  ~1 

and 

(16) r (x  i+1) -~: r(xi)+hi4a h i - I  -: l + h i - i - k l ~ i + l - h i - - I  = l + h i + ~ - ( i + l ) .  

(131)--(16) imply that (9)--(12) hold for i+1  instead of  i, and thus by induction. 
(91)--(12) hold for all i~ {0 . . . . .  /}. We conclude that there are ht and x t such that 

l:-: h t ~ n - 1  (by (9)), 

x 'qC",  (by (10)), 

(17) 

and 

(19) r(x') :~ h, (by (12)). 

We will show that x" and x ~ do not  satisfy (2). Then all is done.  For  1 ~ i - - n  [ we 
have.¥"~(n =0.  l f n  I<i~ht,_ it holds -x~i~° ----a~li~ but ~x~i).l =ant;) + l by definition o f  
1 and ~p and because of  (18). For  h , < i ~ n  we have x~iij=O since Z(xJ)=a 'o(h,  
({1 . . . . .  n - r ( x t ) } )  and n - r ( x t ) + h t ~ , z  h ,+h,=,z  (because of  (19)). l 
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3 .  A g e n e r a l i z a t i o n  

W e  can a p p l y  T h e o r e m s  1 and 2 a l so  to  the  poser  Q which  is a p r o d u c t  o f  n 
f ac to r s  

1 2 k 

z 1 z 2 z S 

F&. 2 

i.e. Q cons i s t s  o f v e c t o r s  x=(_v~ . . . . . .  r,,) "Mth .vi~ {z ~ . . . . .  z ". l . . . . .  k] for  all i, and  
the o rder in~z i s  aiven by x - a y  ifl" . r ,=v~ or  .v~({z ~ . . . . .  z'} and  vz~{l . . . . .  k} for  
all  i. Ana loeo t~s ly  to  the  in t roduc t io ia  we def ine  z(x)={i: ¥~<{z' . . . . .  ='}}, ,.(~) 
= n  ]Z(x) l  and  N i ( Q ) = { x < O :  r ( x ) = i } .  An E . K . R .  f a m t l y G m Q l s d e f i n e d a s m  
( I )  and  (2) and  an E. K. R. vec to r  g (,go . . . . .  g,,) is a vec tor  for  which  there  exists 
an E. K. R. f ami ly  G in Q wi th  I N i ( Q ) ~ G I  =gi .  Let .~g be the  set o f  all E. K. R. vec- 
to r s  in Q. F r o m  the  fo l l owing  T h e o r e m  3 it fo l lows t h a t  the  convex  c losu re  o f  ~#' and  
{ ~ )  have  the s ame  vert ices.  

Theorem 3. ,N -- (a. 

Proof .  Let  fC~,~ and  let F be an E. K. R. f ami ly  with ] N i ( P ) I ' F ] = / }  for  all i. 
C o n s i d e r  the  func t ion  lk: P ~Q for  which  ~ / J (x ) -y  iff 

J-vi if  .vi<{I . . . . .  k } ,  

• vi = | z ~  if  x i =  O. 

O b v i o u s l y ,  G=~/J(F) is an E. K.  R. f ami ly  in Q, and  INi(Q)(-IG]=./}. Thus ,  f<~.~. 
Conve r se ly ,  let gC~.~ and let G be an E. K. R. fami ly  wi th  ! N i ( Q ) I " G ! = g  ~ 

for  a l l / .  C o n s i d e r  the  func t ion  r :  Q ~ P  for  which  ~ : ( x ) = y  iff 

l.¥~ if .¥,<{J . . . . .  k}, 
.1'i = "[0 if .viE{z' . . . .  , z'}. 

res t r i c t ed  to  G is inject ive,  for s u p p o s e  z ( ' x ) = v ( w ) = y  for  some  x, w4:G. Then 
x , = w , = ! ' ~  i f  y ~ { I  . . . . .  / , '}and :v,, w,< {-~ . . . . .  z '*} i f  y ~ = 0  ( i~{I  . . . . .  n}). But.  if 
.vi, wi< {z ~ . . . .  , z ~} and .vi -~ wi, then c o n d i t i o n  (2) is v io la ted .  Hence,  .vi= w i for  
all i, i.e. x = w .  F u r t h e r  it is easy to  see t h a t  F = z ( G )  is an E. K. R. f ami ly  in P and  
" N i ( P ) S I F I = X ;  for  all i. C o n s e q u e n t l y ,  g<.yv. I 
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